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Degeneracy & White Dwarfs

The electrons obey Fermi statistics which are normally treated parametrically with both the electron
density Ne and the electron pressure Pe given as functions of a degeneracy parameter α = −µ/kT and
the temperature T . The general expression for the electron density is:

Ne(px, py, pz) =
g

(2π-h)3

dpx dpy dpz

exp[(−µ+ ε)/kT ] + 1
(1)

or in terms of dp:

Ne(p) dp =
g

(2π-h)3

4πp2 dp

exp[(−µ+ ε)/kT ] + 1
(2)

where α or µ must be adjusted until the total number of electrons is that given by the density: Ne = 1
µe

ρ
mU

with 1
µe

= X + 1
2Y + 1

2Z = 1
2(1 +X) and g is the degeneracy of the Fermion due to its internal spin I

and for the electron with I = 1/2 we get g = 2.

The pressure is the flux of momentum across a surface. Both the momentum and surface define a
direction and this direction is the same for both in an isotropic gas. A representative expression for this
flux of momentum is px vx which after averaging is equivalent to 1

3
p vp where p is the absolute value of

the momentum and vp is the corresponding absolute value of the velocity.

Expressing the total Ne and Pe as integrals over p we have

Ne =
g

2π2-h
3

∞∫
0

p2 dp

exp[(−µ+ ε)/kT ] + 1
=

g

2π2-h
3

∞∫
0

p2 dp

exp(α+ ε/kT) + 1
(3)

and

Pe =
g

6π2-h
3

∞∫
0

p3vp dp

exp[(−µ+ ε/kT)] + 1
=

g

6π2-h
3

∞∫
0

p3vp dp

exp(α+ ε/kT) + 1
(4)

where α = −µ/kT . As Ne increases, α becomes more negative and µ more positive. A common alternate
notation is to use ψ = −α = µ/kT and this is the quantity which has been used to label the degeneracy
on various ρ vs. T diagrams.
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Degeneracy continued

In order to proceed we need to express the velocity vp in terms of the electron mass me and the
momentum p. We first take the limiting case of non-relativistic energies and use

vp =
p

me
(5)

After replacing p by a dimensionless energy u = p2/2mekT the density and pressure can be written:

Pe =
8πkT

3h3
(2mekT)3/2F 3

2
(α) (6)

and

Ne =
4π

h3
(2mekT)3/2F 1

2
(α) (7)

where F 1
2
(α) and F3

2
(α) are called the Fermi-Dirac functions and are given by:

F 1
2
=

∫ ∞

0

u1/2 du

exp(α+ u) + 1
and F3

2
=

∫ ∞

0

u3/2 du

exp(α+ u) + 1
(8)

These functions are tabulated in various locations. The two figures below illustrate some of the more
interesting properties of the functions:

This figure shows the ratio of presure of a degenerate gas
to what it would have if the velocities were Maxwellian
(non-degerate).

This figure shows the relationship between
the degeneracy parameter α and the density
of electrons.
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Complete Degeneracy

In the case of α a large negative number, the denominator is unity until u > −α and then the denominator
becomes zero. The momentum at this energy is

p0 = (−α2mekT)1/2 (9)
We can now replace the integrals to ∞ by integrals to p0 and set the denominator to 1 for p < p0. For
the non-relativistic case this gives:

Pe =
8π

15meh3
p50 . (10)

For the extreme relativistic case we can replace vp by c to get

Pe =
2πc

3h3
p40 . (11)

Using the expression for the Ne in terms of the density we can express Pe numerically as:

Pe = K1

(
1

µe
ρ

)5/3

(Non-Relativistic) (12)

Pe = K2

(
1

µe
ρ

)4/3

(Relativistic) (13)

with

K1 = 7
h2

20memU

(
3

πmU

)2/3

= 9.91 × 1012 (14)

and

K2 =
hc

8mU

(
3

πmU

)1/3

= 1.23 × 1015 (15)

Arbitrary Degeneracy

In general it is necessary to use

vp =
∂E

∂p
(16)

Where E is the kinetic energy. This function in general is:
∂E

∂p
=

1

me
(1 +

p2

m2
e c

2
)−1/2p (17)
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Build-up of Degeneracy

It is worth looking at the shape of the phase space volume as the electron energy increases and the
relativistic mass-momentum equation involves the speed of light limit. Let us look at the density of
states n as a function of electron kinetic energy ε and in particular examine dn/dε. This is

dn

dε
=

g

2π2-h
3

p2 dp/dε

exp[(ε − µ)/kT ] + 1
=

g

2π2mc2

(
mc
-h

)3
p̃2 dp̃/dε̃

exp[Φ(ε̃− µ̃)]
(18)

where Φ =
mc2

T
=

5.9 × 109K
T

, p̃ =
p
mc

and ε̃ =
ε

mc2
. The kinetic energy and momentum are then

related by:

ε+mc2 =
(
p2c2 +m2c4

)1/2
or p̃ =

[
(ε̃+ 1)2 − 1

]1/2
and p̃2

dp̃

dε̃
= (ε̃+ 1)

[
(ε̃+ 1)2 − 1

]1/2
(19)
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White Dwarfs

Using:

P =
8π

3h3

p0∫
0

p3
∂E

∂p
dp (20)

and
∂E

∂p
=

1

me
(1 +

p2

m2
e c

2
)−1/2p , E = mec

2

{
(1 +

p2

m2
e c

2
)1/2 − 1

}
(21)

we can write for the pressure due to the electrons:

P =
8π

3meh3

p0∫
0

p4 dp

(1 + p2

m2
e c

2)1/2
. (22)

This integral can be done analytically by using the substitutions sinhθ = p
mec

and sinhθ0 = p0
mec

to give:

P =
8πm4

e c
5

3h3

θ0∫
0

sinh4θ dθ (23)

to obtain the result:

P =
πm4

e c
5

3h3
f(x) = 6.01 × 1022f(x) ≡ A f(x) (1)

where x = p0
mec

and

f(x) = x(2x2 − 3)(x2 + 1)1/2 + 3sinh−1x . (24)

Using the relationship between p0 and ρ from before and adding the definition of x we get:

ρ =
8π

3h3
MUµe(mecx)

3 = 9.82 × 105 µe x
3 ≡ Bx3 . (25)

These two equations complete the parametric representation of the equation of state at zero T . It
is accurate at all densities as long as the electrons remain at low enough energies that they do not
combine with the protons to form neutrons.
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Application to Hydrostatic Equilibrium and Mass Distribution

We can carry out an analysis similar to that which we used to derive the polytrope equations since we
have as before a relationship between ρ and P which is independent of T . Thus we again do not need
to invoke the energy generation and energy transport equations to get a closed system. The equation
expressing hydrostatic equilibrium and mass distribution is:

1

r2
d

dr

(
r2

ρ

dP

dr

)
= −4πGρ . (26)

This is converted to an equation in x by inserting the parametric representation of both variables
from the previous page. Since P appears inside various derivatives, it is advantageous to use the

representation of P in terms of the integral: P = 8A
∫ θ0

0
sinh4θ dθ. The derivative dP

dr
can be expanded

with the chain rule to dP
dθ0

dθ0
dx

dx
dr

. The first two derivatives are:

dP

dθ0
= 8Ax4 ,

dθ0

dx
= (x2 + 1)−1/2 (27)

so that the H.E. + M.D. equation becomes:

8A

B

1

r2
d

dr

[
r2

x3

x4

(x2 + 1)1/2

dx

dr

]
= −4πGBx3 . (28)

Using the fact that x dx
(x2+1)1/2 = d(x2 + 1)1/2 and replacing x2 + 1 with y2 this equation becomes:

1

r2
d

dr

(
r2 dy

dr

)
= −πGB

2

2A
(y2 − 1)3/2 . (29)

This looks like the Lane-Emden equation with n = 3 for y >> 1 and with n = 3/2 for y ≈ 1 (i.e.
x2 << 1). Note however that the central boundary condition on y is related to the central density
rather than being arbitrary as it was for the polytrope. The different configurations are also not
homology transformations of each other.
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Polytrope-like Transformations

To exhibit the properties of the solutions, it is useful to carry out transformations like those used to
simplify the study of the polytropes. To get a function which is unity at r = 0 define φ = y

y0
. Next

stretch the r coordinates so that the dimensional terms are canceled out: r = αη with

α =
(

2A

πG

)1/2 1

By0
(30)

to get the equation:

1

η2

d

dη

(
η2 dφ

dη

)
= −

(
φ2 − 1

y2
0

)3/2

(31)

Note that as ρ0 and y0 → ∞, α → 0. This implies that unless the solution has η → ∞ faster than α→ 0,
the degenerate star radius becomes zero at high central densities.

Following the same approach we used to get the mass of the polytrope, we can use the hydrostatic
equilibrium equation here.

dP

dr
= −GMr

r2
ρ (32)

or
8Ax4

(x2 + 1)1/2

dx

dr
= −Bx

3GMr

r2

− 8A

BG

r2 d(x2 + 1)1/2

dr
= Mr (33)

Mr = − 8A

GB

(
2A

πG

)1/2 1

By0

η2 dy

dη
(34)

= −4π
(

2A

πG

)3/2 1

B2
η2dφ

dη
(35)
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Low Density Limit

For small x0 we have the low density case of the white dwarf. In this case we can replace y0 and y2
0 by

approximate results:

y0 ≈ 1 +
x2
0

2
,

1

y2
0

≈ 1 − x2
0 (36)

and expand φ. Define a new variable θ by:

θ = φ2 − 1

y2
0

= (φ2 − 1) − (1 − x2
0) + 1 ≈ 2φ− 2 + x2

0 (37)

After stretching the coordinates again by ξ =
√

2η the
equation becomes:

1

ξ2
d

dξ

(
ξ2 dθ

dξ

)
= −θ3/2 (38)

which is the Lane-Emden equation. The central
boundary condition is that θ(ξ = 0) = x2

0 instead of
unity.

General Results
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Beyond the White Dwarf Limit

The central density defines the model as long as the temperature is effectively zero. For each central
density there is a specific model having a specific total mass. This trend is illustrated below:

This figure illustrates the mass of a T = 0 model as a function of the central density

Note the following:

• The maximum mass in the white dwarf section does not quite reach the Chandrasekhar mass.
This is due to the fact that as the density approaches infinity, it encounters other factors which
introduce a limit.

• Above the mass limit, the mass of the model decreases as the central density increases. This
means that in fact there are no stable models in this range.

• The last set of stable models correspond to neutron stars.
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The Effect of Non-Zero Temperature on Stable Models

When the temperature is high enough to increase the pressure, it is possible to have higher mass
models at the specified central densities. This is illustrated below where the non-zero temperature is
parameterized by the entropy of the gas:

Masses as a function of central density when
the matter is hot.

With the finite temperature a new range of
stable masses is possible:

• The excursion near the white dwarf limit
represents those models with a high
enough temperature to support the ex-
tra mass.

• The boundary on the right represents the
formation of Black Holes.
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High Density Equation of State

After the density passes the range where the electrons become degenerate, the eventually have a high
enough energy that they can reverse β decays that normally occur to bring the nuclei to the balance
of neutrons and protons found in free matter. This produces neutron rich nuclear matter and reduces
the number of electrons per gram of mass. Eventually the nuclei become so neutron rich that some
neutrons are expelled from the nuclei. This is called “Neutron Drip” and results in the creation of a
free neutron sea. When this neutron gas becomes degenerate, the pressure again increases to give a
neutron star equation of state. These effects are illustrated below:
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Approach to Core Collapse in a Supernova

In a star with a core where the mass is so high
that the central parts begin to approach the collapse
point the structure is like that below:
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An Example of a
Nuclear Energy Diagram

11B
This figure has its energy levels set
at zero for the ground state of 11B.
Internal states with different nu-
clear angular momentum and par-
ity are indicated. To each side are
shown the various combinatios of
particles with their zero points ad-
justed so that if they are combined
into 11B, the energy released or ab-
sorbed is indicated.

Of interest is the neutron separa-
tion energy of 11.456 MeV. This is
a measure of the nuclear binding.
In this case, the 11B nucleus has 5
protons and 6 neutrons so that the
neutrons are paired prior to the re-
moval of one. This even-odd effect
increases the binding energy of the
neutron.
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The Nuclear Shell Structure

The above figure shows the energy required to remove one neutron from each nucleus. These
separation energies have been corrected for the systematic even-odd effect. The abscissa is the
neutron number while each line is labeled by the neutron number N minus the proton number Z.

The closed shells are shown by the arrows along the bottom. The neutron which is one in excess
of the closed shell number is more weakly bound as shown and this effect is enhanced because
each also has been corrected by the even-odd effect which further weakens the binding energy.

Nuclei with the closed shell number of neutrons systematically do not absorb an additional neutron
during r-process nucleosynthesis.
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The Dependence of Nuclear Energy On Z at Fixed A

Even-Odd These have odd A and fol-
low a single systematic pattern.

Even-Even These have highest en-
ergy protons and neutrons spin
paired and have lower energy.

Odd-Odd These have highest energy
protons and neutrons spin un-
paired and have higher energy.
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Effect of Electrons at High Density on Nuclear Stability

As the energy of the electrons at the top of the Fermi
distribution rises as the density is increased, the electrons
have more energy than is needed to force an inverse β
decay and convert one of the protons to a neutron thus
reducing the nuclear charge. If the temperature is high
enough to permit the nuclei to approach nuclear thermo-
dynamic equilibrium so that the most stable nucleus is
formed, the result will be to shift the most stable species
to higher mass with a greater excess of neutrons than is
found at lower density. The first shift from this process
is to make 62Sr more abundant than the 56Fe. The pro-
gression of these changes is shown in the table to the
left.

The diagram below the table shows how the increase
in pressure is slowed by virtue of the absorption of the
electrons into the nuclei. The stretch from A to B is
where the Fe is being converted to Sr. The stretch from
C to D is where the neutrons are dripping out of the
nuclei.

This table and figure are from Zeldovich and Novikov,
Relativistic Astrophysics, Vol. 1, Stars and Relativity.
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Systematics of Nucleosynthesis

This paper set the groundwork for much of nuclear astrophysics. It developed rapidly from the
first determination of abundances of the elements in the universe as presented by Suess and Urey
(1956RMP...28..53S). The patterns seen in these abundances demanded rather directly that the pri-
mary nucleosynthesis processes include the α-process, the e-process, the s-process, the r-process and
the p-process.
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The Abundances Summarized by Suess and Urey

The abundance pattern has been smoothed
but the principal features are marked. The
hydrogen starting point is at the left with a
series of higher than average species being
formed by multiples of the helium nucleus or α
particle. The big peak near 56Fe is due to that
nucleus being the most stable and for there
having operated a process that brings the nu-
clear abundances toward the nuclear thermo-
dynamic equilibrium values. The s-process in-
volves slowly adding neutrons to the iron peak
elements while the r-process involves adding
neutrons quickly to the iron peak nuclei.
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The Principal Nucleosynthesis Processes
as Summarized by B2FH

Hydrogen Burning When protons are available at high
enough temperature, their capture moves the product
nucleus to the right on this figure. Neutron addition, if
it occurs for the lighter nuclei, is also shown as a right-
ward shift. These processes normally occur during main
sequence evolution but under some circumstances can
also take place in evolved stars.

Helium Burning The primary process is the 3-α reaction to
form 12C followed by the formation of 16O, 20Ne and
24Mg as indicated along the left side of the figure. Other
CNO nuclei can undergo similar α addition reactions,
often with the emission of a neutron.

α-process This is similar to regular helium burning but occurs
at a higher temperature so that the Coulomb repulsion
no longer discriminates between lower and higher charge
nuclei, at least in the range of Z shown for the α-process.

e-process This represents a high temperature process
wherein thermodynamic equilbrium based on the rela-
tive nuclear binding energies is approached. Since 56Fe
has the lowest energy (most tightly bound) per nucleus,
it has the highest abundance and the nuclei as a whole
are called the iron peak elements.

s-process These nuclei are formed by capture of neutrons
onto iron-peak nuclei at a rate slow enough that a num-
ber of long-lived species (half-lives of hours to a few
years) have time to decay between successive neutron
captures. The site is generally believed to be thermally
pulsing AGB stars.

r-process These nuclei are formed in events having a high
neutron flux. The highest abundance species are those
where highly unstable neutron-rich species with a closed
neutron-shell are not able to capture an additional neu-
tron during the event, then decay to a stable configura-
tion after the event has ended. The process is believed
to occur during supernovae.
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Paths of Nuclear Processes on the N - Z Plane

• The Dark squares indicate stable nuclei.
• The outlined area shows the boundary where either neutrons (on the right) or protons (on the

left) drip out of the nucleus under laboratory conditions.
• The path of the r-process is shown. The s-process goes through the stable nuclei jumping the

gaps or not depending on the half-life of the intermediate unstable species.
• The p-process is needed to produce species to the left of the s-process line.
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The Major Stages of Nuclear Burning

Hydrogen Burning - Central

Most of the life of a star is spent burning hydrogen on the main sequence. Because of the relatively
uniform structure of the main sequence star, the temperature gradient is not steep and the effects
of hydrogen burning are spread over a large fraction of the stellar mass. Although the primary effect
of hydrogen burning — the conversion of H to He — is concentrated toward the center of the star,
other effects including the formation of 3He and some CNO processing can alter abundances to mass
fractions as large as 0.7M .

The two principal ways of converting 1H to 4He are summarized on Figures 2 and 3 from Parker’s article
in “Physics of the Sun”. These are attached. The relative importance of the two major processes
(p− p chain or CNO cycle) are shown in Figure 5-16 of Clayton’s book. The temperature dependence
of the p − p chain is roughly T4 while for the CNO cycle it is more like T8. The extra concentration
towards the model center causes a convective core to form in the higher mass stars where the CNO
cycle dominates the energy production.

The abundance changes from the nuclear reactions include

• Destruction of 2D.

• Formation of 3He.

• Destruction of 7Li, 9Be and 11B.

• Conversion of 12C to 14N.

• Conversion of 16O to 14N.

For the case of the sun, the details of the hydrogen burning are especially important because of the
possibility of detecting the neutrinos from the nuclear reactions. The higher energy neutrinos are more
easily detected so that the branching ratios between the three possibilities of the p − p chain need to
be known. The fact that the sun is static constrains the overall rate of energy production.
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The Nuclear Reactions of Hydrogen Burning
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The Temperature Dependence of Reaction Rates

The number of reactions per second between nuclei X and a depends on the product of their densities in
the gas ρXX Xa where XX is the mass fraction of X and Xa is the mass fraction of a. The temperature
dependence comes from the fact that the reacting nuclei have energy due to the temperature of the
gas. These thermonuclear reaction rates are governed by the competition between repulsive Coulomb
barrier between like charged nuclei and the energy of nuclei with much more than the typical kT per
particle. This is described as being on the tail of the thermal distribution. The barrier penetration
factor produces a strong dependence on the product of the two nuclear charges ZX Za while the kinetic
energy factor produces a dependence on the reduced mass of the pair A = mX ma/(mX + ma). The
rate then has a factor including the following:

RaX ∝ exp

[
−42.48

(
Z2
X Z

2
a A

T6

)1/3
]
. (39)

The most abundant particles initially are the protons and the factors in the exponential are most
favorable for these two to react. However, there is no stable 2He nucleus so the product of the two
protons has to be 2D. This requires the conversion of one proton to a neutron along with a neutrino so
that the reaction involves the weak interaction. Consequently, the rate of the reaction is smaller than
for a typical strong interaction reaction by the ratio of the coupling constants. The coupling constants
are roughly in the ratios:

Force Relative Strength

Pion-nucleon (strong force) strength 1.0

Electromagnetic strength 1/137

Weak (beta-decay) coupling strength 10−5

Gravitational Coupling strength 10−39

Consequently, the proton-proton reaction is disfavored by a factor of roughly 105. To make up for this
factor the temperature for hydrogen burning is about 18 times higher than would otherwise be the
case. This causes the main sequence to come at a radius like that of the sun instead of about 18 times
larger.
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Details of Hydrogen Burning

The equations giving nuclear abundance changes often have the form:

X + a −→ Y + b (40)

and sometimes there will be a further step where Y decays to Z as in:

Y −→ Z + β± (41)

so that the net result is to produce Z instead of Y when a and X react. Additionally there might be
still another reaction producing X:

W + c −→ X + d . (42)

Based on these reaction sequences we might write the following equations:

1

AX

dXX

dt
= RcWXW Xc −RaXXX Xa (43)

1

AY

dXY

dt
= RaXXX Xa −RYXY (44)

1

AZ

dXZ

dt
= RYXy . (45)

Often the intermediate species Y has a low abundance and does not represent a place where a significant
number of nuclei are stored during the burning process. In this case we can consider these species to

have a steady state abundance and set
dXY

dt
= 0. This then lets us write:

RYXY = RaXXX Xa (46)

so that:
1

AZ

XZ

dt
= RaxXX Xa (47)

and as far as the calculation of the evolution of XZ is concerned, the intermediate species does not
play a role.
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Balance in the p− p Chain

Since the p − p reaction is the last one to remain at low temperatures, the sequence stops at 3He.
At higher temperatures the 3He can be burned by either 3He or 4He. Both reactants have the same
charge factor but the second option (sequence b) has a higher A of 4*3/(4 + 3) = 1.714 instead
of 3*3/(3 + 3) = 1.5. This means that the b) termination is favored at higher temperatures. In
addition, the b1 termination is largely independent of temperature (a slight decrease in rate at higher
temperatures due to phase space factors for the free electron) while the b2 termination is strongly
temperature dependent since it is a charged particle reaction. The combination of these factors yields
the pattern below:

In this representation the notation I is the same as branch a),
II is branch b1) and III is branch b2).

The steady state abundance of 2D relative to 1H is of order a few times 10−18 so that once hydrogen
burning has begun the primordial Deuterium is quickly removed. In contrast the steady state abundance
of 3He is high at low temperatures and can reach a mass fraction of 0.001 or more. The termination
through capture of a proton by 3He is extremely rare and plays no role except for the production of the
highest energy neutrinos from the sun.
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Approach to Steady State in the CNO Cycle

For equations of the type of equation 75, the species in the middle, XY approaches the value Xss
Y which

gives zero on the right:

Xss
Y =

RaXXX Xa

RY

(48)

If the source abundances XX and Xa are constant then the intermediate abundance has a time depen-
dence of the form:

XY = X0
Y e

−t/τY +Xss
Y (1 − e−t/τY ) (49)

where τY =
1

AY RY
. (50)

The CNO cycle has several parts which have the character of the above system. As an illustration
consider the following model:

12C + 1H −→ 13N + γ (51)
13N −→ 13C + e+ + ν (52)

13C + 1H −→ 14N + γ (53)
14N + 1H −→ 15O + γ (54)
15O + 1H −→ 12C + 4He . (55)

As a general rule, we can drop out the 13N and the 15O as being in steady state at all times. The 13C
is a special case. It is often in steady state but because it winds up with a high abundance and is also
observable in various molecular lines, it is worth keeping in explicitly. As a simplification of notation, I
use the atomic weight as the tag denoting the species. The equations are then:

1

12

dX12

dt
= R1,14X1X14 −R1,12X1X12 (56)

1

13

dX13

dt
= R1,12X1X12 −R1,13X1X13 (57)

1

14

dX14

dt
= R1,13X1X13 −R1,14X1X14 (58)
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The CNO Cycle (cont.)

The atomic weight factors on the left of each of the equations are needed because the right hand sides
give the number of reactions whereas the left hand side has to give the change in the mass fraction.
Since the product is heavier than the heavier reactant, each reaction reduces the mass fraction of
the reactant less than it increases the mass fraction of the product. An alternate way of setting up
these systems is to use another variable YX = XX/AX. The R factors then need to include appropriate
products of atomic weights but are otherwise the same as already set up.

We can define a series of species lifetimes and species steady state abundances:

τ12 =
1

12
R1,12X1 (59)

τ13 =
1

13
R1,13X1 (60)

τ14 =
1

14
R1,14X1 (61)

and

Xss
12

Xss
13

=
R1,13

R1,12
(62)

Xss
13

Xss
14

=
R1,14

R1,13
(63)

Xss
14

Xss
12

=
R1,12

R1,14
. (64)

You will notice that the last three equations are not independent since the third can be derived from
the ratio of the first two. Therefore a third equation is required and that is:

X12

12
+
X13

13
+
X14

14
=

X0
12

12
+
X0

13

13
+
X0

14

14
(65)
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CNO Cycle Approach to Steady State

The system of equations can be solved in a straight-forward manner in terms of eigenfunctions which
diagonalize the resulting matrix equation. Each sub-part of the system approaches its local steady
state at a rate which is governed by the dominant terms.

The following two figures give the dependence of the full set of CNO abundances on temperature.
These figures are based on somewhat older reaction rates and should be revised to more modern data
in the event that the results are important.
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CNO Cycle Approach to Steady State (results)

The abundance equations can be integrated analytically or numerically. The parameter giving the
approach to steady state is essentially the amount of hydrogen consumed divided by the total initial
abundance of the CNO elements. This parameter gives four times the effective number of times the
cycle has been traversed since each time around the loop four hydrogen nuclei are consumed. For a
Pop I star this number has to be of order 50 to use up the hydrogen whereas for a Pop II star it must
be between 500 and 5000 depending on the degree to which the heavy elements are underabundant.
A sample approach to steady state is given below:
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Hydrogen Burning in a Shell Source

After the depletion of hydrogen in the stellar core, nuclear energy can no longer be generated from the
center of the star. The lack of energy to be transported from the stellar center causes the temperature
gradient to decrease and an isothermal core starts to form. For the lower mass stars which did not have
a convective core, this change is gradual and the shell source forms smoothly as the central hydrogen
runs out. For the higher mass stars the situation is a bit different because the presence of mixing holds
up the central hydrogen abundance longer than would otherwise be possible. Also, because the energy
generation rate depends on only the first power of the hydrogen abundance, as long as a small amount
of hydrogen is present, a slight increase in temperature is all that is required to maintain the generation
of enough energy to sustain the convective core. Typically the convective core will persist until only a
very small mass fraction of hydrogen remains in the convective core and then convection abruptly stops
when the hydrogen abundance actually becomes zero. The transition from the adiabatic temperature
gradient (polytropic index 3/2) to a nearly isothermal structure causes an abrupt shrinking of the star
and produces a kink in the isochrones on the H.-R. diagram.

After the depleted core has formed and started to become isothermal, another factor comes into play.
The isothermal case of the polytropic configuration can be analyzed analytically. It turns out that to
fit together an isothermal core surrounded by a polytrope of index 3, no configuration can be found
when the mass of the core is above about 0.12 ×M . This conclusion applies when the gas is non-
degenerate. When the depleted core exceeds this limit, it must contract and both develop degenerate
electron pressure support and cease to be isothermal. The onset of core contraction due to this limit
corresponds to the transition from thick shell source burning to thin shell source burning. Because of
the high temperature exponent involved in the nuclear rates, the zone of energy generation is about
one or two pressure scale heights. The mass of this zone is:

1

∆Mss
=

1

P

dP

dMr
= − GMr

4πr4P

so that:

∆Mss ∝ r4ρT

Mcore
The core contraction decreases r so the ∆Mcore decreases.
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Expansion to the Red Giant Phase — The Mirror Effect

As the core contracts, it initially can be thought of as including the hydrogen rich material. The nuclear
energy generation rate of the CNO cycle has the form:

εCNO = ε0XHXCNO ρT
−2

3 exp(−(
152.3

T6
)2/3) fCNO

where ε0 is a constant equal to approximately 7×1027 ergs/gm/sec. The logarithmic derivative of εCNO
gives the effective temperature exponent of the energy generation:

ν =
T

εCNO

∂εCNO

∂T
=

1

3
(
152.3

T6
− 2)

which at a typical post-main sequence central temperature of T6 = 30 to 60 yields ν = 15.7 to 12.3. This
very steep temperature dependence means that the onset of hydrogen burning is very abrupt. One can
require approximately that the product of εCNO and ∆Mss is roughly equal to the star luminosity. This
places a very stiff requirement on the temperature of the shell source. If the shell source temperature
exceeds that value, the shell will produce excess luminosity that can not be transmitted through the
outer envelope. The untransmitted luminosity is absorbed in the outer envelope and causes the envelope
to expand. The envelope expansion crosses over the core contraction in just the right way to keep
the shell source temperature constant. When the contracting core ignites a new energy source like He
burning, the arguement goes in reverse as long as the hydrogen shell source is providing the bulk of
the star’s luminosity. In this way the shell source acts like a fulcrum in a lever and the overall result is
called the mirror effect.
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Helium Burning - The 3-α process

• The first step of the 3-α process is the transient combination of two 4He nuclei into an unstable
8Be∗ nucleus. This nucleus is energetically disfavored but nonetheless is created with an equilibrium
abundance which is very low. According to the Saha Equation applied to the nuclei this species
abundance is:

N(8Be) = N2
4Heωf

h2

(2πµkT)3/2
exp(−Er 8Be/kT) ≈ 1.87 × 10−33N2

4HefT
−3/2
8 10−4.64/T8 (66)

where f is an electron screening correction factor (not too far from unity).

• After the 8Be∗ nucleus is formed, it can further combine with another α particle again according
to the Saha Equation:

N12C∗ = N(8Be∗)N4Hef
h2

(2πµkT)3/2
exp(−Er 12C/kT) (67)

so that

r3α→12C = 9.8 × 10−54
N3

4He

T3
8

f exp(−42.94

T8
) cm−3s−1 (68)
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Evolution up to the He Core Flash

The sequence of events leading up to the helium core flash is shown above as a function of time.
The dotted areas are where there is a gradient of the hydrogen/helium ratio. The bubbly areas
are convective and the cross-hatched areas are where the H to He burning rate exceeds a critical
value.
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Helium Ignition

The contraction of the core of the star with a helium shell source is largely driven by the addition of
mass. As we saw in the discussion of the white dwarf, as the mass of the degenerate region becomes
larger, the radius decreases and the density increases. This causes a regular decrease in the mass in
the hydrogen burning shell and a consequent regular increase in the temperature. The shell source is
generally non-degenerate so that there remains some compression and temperature increase between the
shell and the degenerate core. The gradual increase in shell source temperature plus the compressional
temperature rise eventually causes the depleted core temperature to become high enough to ignite the
Helium. Due to neutrino losses at the highest densities in the center of the core, the temperature there
is lower than at a point a bit further out. The temperature is inverted and energy is conducted inwards
to the center where it is lost to the neutrino emission processes. At the point of peak temperature the
ignition of the helium begins under conditions of great degeneracy with the non-degenerate pressure
due to the nuclei and the pressure due to the high energy electrons providing only a percent or two
of the total pressure. Consequently, the initial temperature rise from the ignition of the new fuel
does not cause a significant increase in the pressure so that the process begins as a runaway. Recall
that the condition for adiabatic decompression is the same as the condition for the degeneracy to be
constant. Consequently, as the temperature rises to lift the degeneracy, it also becomes superadiabatic
and generates convective motions. These motions allow the energy released from the new nuclear fuel
to be distributed over a larger mass shell and decreases the rate of temperature rise since the peak
energy generation remains at the point of highest temperature. The extra mass which is heated by the
convection causes the effective heat capacity of the zone to increase. Since the rate of temperature
rise is ∫

T
dS

dt
dMr ≈

∫
CP

dT

dt
dMr =

∫
εnucdMr (69)

so that

τ =

(
d lnT

dt

)−1

≈
∫
T CP dMr∫
εnuc dMr

(70)
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More on the Helium Ignition Flash

The rate of growth of the temperature during the flash increases as the value of εnuc grows. The
dilutative effect of the convective process dampens the growth and the time scale never becomes
comparable to the sound travel time which is of order δ�/csound = 108 cm/s

108 cm = 1 sec. The actual growth
times in integrations done by the Kippenhahn group and by Schwarzschild and Härm are at a minimum
of about 0.1 day so the critical conditions are not reached. Should the effect of convection be left out,
the mass spreading effect in slowing down the growth would not be available and the process would
become an unbounded runaway. There have been calculations which result in the disruption of the star
from this flash when convection is turned off.

The result of the Helium flash can be understood in terms of a generalized
main sequence type calculation in which the gravitational and thermal change
terms are dropped. The nuclear abundance distribution is shown on the right
and the resulting position on the horizontal branch is shown on the left.

Following the readjustment of the star from the helium flash, the non-degenerate core shifts its peak
temperature to the center and begins a core helium burning with a hydrogen shell. These stars form
a knot near the convective track for Pop. I stars and form the horizontal branch for Pop. II stars.
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Helium Ignition Flash

This event was discovered by Schwarschild and Härm. Without neutrino losses it happens at the center
of the contracting white-dwarf-like configuration. A sequence of log(ρ)−log(T) profiles are given below:

As the energy from the reaction is released, the temperature rises. Initially the pressure does not
respond because the gas is supported by electron degeneracy alone. When the degeneracy is lifted then
the star begins to expand and undergoes a reverse mirror-effect change.
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Central temperature and density evolution
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Context of nuclear evolution events
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Shell Source Structure

Let us go back and look at the structure equations following a development done by Paczynski
(1970AcA....20..287P). Using the energy transport equation and the equation of hydrostatic equi-
librium we have:

dT

dMr
= − 1

16π2r4
3κRoss.

16σT3
Lr = − 1

16π2r4
3κRoss.

ac(dT4/dT)
Lr (71)

and
dP

dMr
= −GMr

4πr4
(72)

Where I have used σ = ac/4. After combining the terms in temperature in the first of these and taking
the ratio of them we get:

d(aT4/3)

dP
=

κRoss.

4πGc

Lr

Mr
(73)

Under conditions outside a shell source the opacity is largely electron scattering κRoss. = 0.2(1 +
X)cm2/gm, the mass above the shell source is constant until you get into the convective envelope
and the luminosity is constant also until you get into the convective envelope. This means that the
right hand side of the above equation is a constant and that the solution can be found immediately by
integration:

aT4/3 =
κRoss.

4πGc

Lr

Mr
P + C1 . (74)

As long as the ratio of pressure and temperature near the base of the convection zone to the values
just outside the shell source is very small, we can assume the value of the constant of integration C is
zero. Also using the fact that the radiation pressure is aT4/3 and taking 1 − β = Prad/P we get:

1 − β =
aT4/3

P
=
κRoss.

4πGc

Lr

Mr
= a constant. (75)

It is worth noting that 1 − β is just the ratio of the actual luminosity to the Eddington Luminosity:

LEddington =
4πGc

κRoss.
Mr (76)
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Shell Source Structure (cont.)

We may rewrite the radiative diffusion equation with r as the independent variable instead of Mr at
which point the constant ratio of P to T4 allows a solution for T as a function of r. The diffusion
equation in this form is:

dT

dr
= − 3κRoss.ρ

16πacT3

Lr

r2
=

κRoss.ρT

16πc(aT4/3)

Lr

r2
(77)

After using βP = ρR T/µ and (1 − β)P = aT4/3 then using equation (75) we get:

dT

dr
= −µκRoss.Lr

R 16πcr2
β

1 − β
= −µκRoss.Lr

R 16πcr2
β(

(κRoss.Lr)/(4πGcMr)
) = − µ

4R
GMr

r2
β (78)

Now since we know from above that β is constant and because Mr in the zone above the shell source
is essentially constant – the shell source has a very small mass – we can integrate the above in r to
obtain:

T =
µ

4R
GMr

r
β + C2 ≈ µ

4R
GMr

r
β (79)

where C2 is another constant of integration which is very close to zero since the temperature of the
shell source is many times larger (∼ 100) than the temperature at the base of the convective envelope.
Let us designate the radius, mass, luminosity and Eddington luminosity measured in solar units through
the addition of a superscript tilde: Lr/L	 = L̃r, etc. Using this notation we have numerically:

L̃Eddington =
64780

1 +X
M̃r (80)

L̃r = (1 − β)L̃Eddington (81)

and at T = 107K we get for the mass and density:

ρ = 0.0306
β

1− β
µ and r̃ = 0.578M̃rβµ (82)
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The Core Mass – Core Luminosity Relation

Paczynski(1971AcA....21..417P) carried out and
summarized a number of calculated results for the
region outside shell sources with core masses cover-
ing a range of values. He found that the computed
results are well fitted by the following equation:

L̃shell source = 59250(M̃core − 0.522) (83)

The fit of the calculated shell source luminosity (i.e.
the luminosity produced by the shell source and
measured outside the energy producing layres) to
the core mass is shown in the figure to the left.
Although the cause for the good correlation is not
fully explained, the close relationship to the Edding-
ton limit luminosity makes it clear that the condi-
tions in the region between the shell source and the
base of the convective envelope naturally adjust so
that this region has a low but not vanishing den-
sity. In this case, β is less than unity but not much
less than 0.1. That makes the electron scattering
opacity dominant. As the core mass grows, the star
luminosity increases to maintain a more or less con-
stant fraction of the Eddington limit luminosity and
maintain β near the preferred value.
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Post-Main Sequence Evolution–
Mixing and Nucleosynthesis

Following exaustion of hydrogen in the center of stars,
the inner regions contract to ignite a hydrogen burning
shell. During the main sequence, much of the inner part
of the star had its carbon and oxygen converted to nitro-
gen. When the star bifurcates into a contracting core and
an expanding envelope, the inner boundary of the con-
vective envelope maintains a more or less constant tem-
perature after the star has reached the red-giant part of
the Hertsprung-Russell diagram (i.e. after it has finished
crossing the Hertsprung gap). As a mass variable, the
inner convective envelope boundary has come very close
to the mass of the hydrogen shell source. Since this shell
source is at the inner edge of the hydrogen depleted zone
and hydrogen burning during the main sequence reached
much further out, the products of the main sequence
hydrogen burning are incorporated into the convective
envelope – this primarily results in an enhancement of
the abundance of nitrogen.
The star undergoes core contraction/envelope expansion
until helium ignites in the center. There is then a period
of core helium burning which lasts until helium exhaus-
tion. The star resumes its core contraction/envelope ex-
pansion with a condition of just the helium shell source.
When the helium consumption eats out to the hydrogen
rich layers, a two-shell source configuration forms. One
of the first things that happens is for a second stage
of dredge-up to take place with further mixing of CNO
products to the stellar surface.
The figure at the left shows the processes leading to the
first and second dredgup phases.
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The Two-Shell Source Thermal Instability – Thermal Pulses

It was discovered by Schwarzschild and Härm(1965ApJ....142...655S) that the combination of the
hydrogen and helium shell sources is subject to an instability due to the thinness of the helium shell
source. The sketches below show an idealized temperature structure of the helium shell source along
with a perturbation to its temperature distribution:


